One of the most popular and frequently used models for describing homogeneous liquid-solid fluidised suspensions is the model developed by Richardson & Zaki in 1954. The superficial fluid velocity and terminal settling velocity together with an index makes it possible to determine the fluid porosity in a straightforward way. The reference point for the Richardson-Zaki model is the terminal settling velocity at maximum porosity conditions. To be able to predict porosity in the proximity of minimum fluidisation conditions, either the minimum fluidisation velocity must be known or the Richardson-Zaki index must be very accurate. To maintain optimal process and control conditions in multiphase drinking water treatment processes, the porosity is kept relatively low. Unfortunately, the Richardson-Zaki index models tends to overestimate the minimum fluidisation velocity and therefore also results in less accurate predictions with respect to porosity values. We extended the Richardson-Zaki model with proven hydraulics-based models. The minimum fluidisation velocity is acquired using the model proposed by Kozeny (1927) , Ergun (1952) and Carman (1937) . The terminal settling velocity is obtained through the model developed by Brown & Lawler (2003) , which is an improved version of the well-known model developed by Schiller & Naumann (1933) . The proposed models are compared with data from expansion experiments with calcium carbonate grains, crushed calcite and garnet grains applied in drinking water softening using the fluidised bed process. With respect to porosity, prediction accuracy is improved, with the average relative error decreasing from 15% to 3% when the classic Richardson-Zaki model is extended with these hydraulicsbased models. With respect to minimum fluidisation velocity, the average relative error decreases from 100% to 12%. In addition, simplified analytical equations are given for a straightforward estimation of the index n.
Introduction
The accurate calculation of porosity in water is of major importance in drinking water treatment processes because it determines the process conditions and treatment results. Examples include pellet-softening in fluidised bed reactors [1] , sedimentation, flotation and flocculation, filtration processes [2] , backwashing of filter media and washing columns in which fine material and impurities are separated from seeding material. In these processes, particle size mostly varies between 0.3 -2.0 mm, and particle density between 2.5 -4.0 kg/L. This study focusses on calcium carbonate particles applied in pellet-softening reactors. The softening process involves the dosing of caustic soda, soda ash or lime in a cylindrical up-flow fluidised-bed reactor, which leads to an alteration of the calcium carbonate equilibrium in which the solubility product is exceeded. The reactor is filled with seeding material such as garnet grains (Fig. 1A) or crystal sand grains and pellets. The large specific surface area in the reactor causes the CaCO 3 to crystallise on the particles, called pellets (Fig. 1B) , as a result of which these grow in size and become increasingly round. If there is no difference in specific density, larger particles will migrate to the lower region of the reactor bed, and a stratified bed will evolve. To retain fluidisation conditions, it is important that the largest pellets, usually those that are larger than 1-2 mm, are extracted from the reactor. These pellets can be used as a by-product in other processes, for instance in industrial and agricultural processes, or they can be re-used as seeding material.
Pellet-softening in a fluidised bed reactor was developed and introduced in the Netherlands in the late 1980s, and by the end of 2018 almost all Dutch drinking water was softened with the help of this technique [3] . For N30 years, crystal sand and garnet grains have been used as seeding material [4] . Process optimisation [5] and control [6] has been focussed primarily on garnet pellets.
To meet sustainability goals and to promote the development of a circular economy, water companies have modified their pellet-softening processes, in which garnet grains, mined in Australia, have been replaced by calcite seeding particles that are based on crushed, dried, sieved and re-used calcium carbonate pellets [7] . A second matter to be considered is that the garnet core inside the pellets hinders their potential application in market segments such as the glass, paper, food and feed industries, and it hinders their direct re-use in the pellet reactor itself when it comes to ensuring a more sustainable and circular process. The pellet market value and the sustainability of the softening process can be increased through the substitution of the sand grain by a calcite grain of 0.5 mm (100% calcium carbonate). If the calcite pellets are crushed, dried and sieved, they can be re-used as a seeding material [8] . Due to the crushing of the relatively round pellets, the calcite seeds have an irregular shape ( Fig. 1C ) 1 and behave differently with respect to settling characteristics in the up-flow fluidisation reactor. In the case of pellet-softening processes using fluidisation, this different sedimentation behaviour can cause unwanted flushing of smaller particles out of the reactor and settling of larger grains to the lower region of the reactor, which leads to a fixed bed state.
To maintain or provide optimal process conditions in pellet-softening reactors, it is important to accurately determine the fluidised bed porosity. Porosity is a crucial variable to determine the specific surface area, the minimum fluidisation and flushing conditions as well as the water and particle residence time. At the bottom of the reactor, the porosity is kept relatively low to obtain the highest crystallisation contact area; nevertheless, fixed bed situations must be avoided. The degree of porosity is dependent on the physical properties of the grains and the water viscosity. De facto, porosity, or fluid bed height, is kept constant through controlling the water flow in the reactor depending on water temperature and through particle bed management. In pellet-softening reactors, porosity is approximately ε ≈ 0.5 at the bottom of the reactor and ε ≈ 0.8 at the top.
In the literature, several attempts have been made to predict porosity. Asif [9] studied binary solids, and Akgiray & Soyer [10] presented widely used Richardson-Zaki correlations for spherical particles. Slaa et al. [11] showed that the Richardson-Zaki expression underestimates the settling velocities for small particles at high concentrations due to the effect of particle size on the apparent viscosity of the settling siltwater mixture. Đuriš et al. [12] investigated the prediction of bed expansion and minimum fluidisation velocity of sand mixtures in water.
The objective of this paper is to improve the popular RichardsonZaki model through model enhancement based on hydraulics, which will lead to an improved accuracy of porosity predictions and in particularly for pellet-softening. Through the minimum fluidisation velocity and terminal settling velocity, the Richardson-Zaki index can be calculated accurately. In this way, the index acquires a hydraulic meaning. The numerical prediction of porosity in fluidisation reactors using natural particles with an irregular shape is much more complex than would be the case for perfectly spherical particles. In this work, an improved model is proposed and compared with existing Richardson-Zaki based models, while modelling results are compared with results from a significant number of expansion experiments which were carried out at pilot plant scale. Improved knowledge in this field enables accurate modelling and optimisation for system and control purposes in automated drinking water treatment processes. This is particularly important because unreliable prediction models increase the risk of ineffective treatment processes and higher consumption of chemicals, something which may adversely affect drinking water quality, sustainability goals and costs.
This paper is organised as follows. In Section 2, we give a general overview of the current Richardson-Zaki based models and theory. In Section 3, we discuss the Richardson-Zaki theory applied to the fluidised-bed pellet-softening process and we propose new Richardson-Zaki index equations based on hydraulics. In Section 4, we present our experiments and in Section 5 we show and discuss the results. We end with our conclusions in Section 6.
Richardson-Zaki model analyses

Model principle
A fundamental approach for the description of homogeneously fluidised beds is the well-known and most popular expansion law of Richardson & Zaki, introduced in 1954 [13] , which describes the steady state velocity-porosity relationship for sedimenting liquid-solid homogeneous suspensions, but which is also used in gas-solid systems. The model is addressed in a number of standard works: [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . When an ensemble of solid particles is settling in a quiescent liquid, additional hindering effects influence its settling velocity. The drag is increased as a result of the proximity of particles within the ensemble and the up-flow of liquid as it is displaced by the descending particles. According to Richardson & Zaki, the hindering effects are strongly dependent on the porosity ε.
Theoretically, Coulson & Richardson [28] , updated in Harker et al. [29] , demonstrated that the validity of the Richardson-Zaki equation is limited by the maximum solids concentration that permits solids particle settling in a particulate cloud. This maximum concentration corresponds with the concentration in an incipient fluidised bed or at minimum fluidisation conditions where ε = ε mf ≈ 0.4. In the model, the superficial velocity v s is linked with particle and fluidised bed characteristics such as the terminal settling velocity v t of an isolated particle in an unbounded fluid.
Eq.
(1) gives a simple relationship between porosity and sedimentation or fluidisation velocity for systems composed of uniform monodispersed spheres dispersed in a liquid. Other expressions which have been proposed in the literature are generally more complex or more limited in their application. 
Model boundaries
Theoretically [30] , the Richardson-Zaki model intersects two boundary points:
It is known that the index n in the Richardson-Zaki model depends on the flow regime [13] . This influence is visualised in Fig. 2 where the ratio of the superficial and terminal settling velocity is plotted against the porosity. For viscous flow using the classic Stokes particle drag equation, the Richardson-Zaki index tends to n → 4.8; in the inertial regime, the Richardson-Zaki index tends to n → 2.4.
Usually, the porosity is considered to be the dependent variable and the superficial velocity the independent variable [18] . Therefore, Fig. 2 displays the superficial velocity on the X-axis and the porosity on the Y-axis. The degree of curvature is determined by the index n, as can be seen in Fig. 2 . Deviations in particle size and shape affect the Richardson-Zaki index, which leads to more inaccurate porosity predictions.
In fact, the Richardson-Zaki model does not consider the incipient fluidisation condition. In the vicinity of minimum fluidisation v mf , small deviations in n cause large deviations in the prediction of the minimum fluidisation point when merely the classic Richardson-Zaki model is used (following the curves from v t to v mf in Fig. 2) . Indeed, large deviations in n were already observed in Figs. 5 and 6 included in the article by Khan & Richardson [31] . The most obvious and known points are the inherent terminal settling velocity and the minimum fluidisation velocity. Using these two points, besides the origin (0,0), the index is in fact determined, as we will show in this paper. In the literature, a collection of equations is given to estimate the Richardson-Zaki index n of which the most popular are presented in Table 1 . These equations are based on the single particle Reynolds number Re t under terminal settling conditions or the Archimedes number Ar.
Equation index boundaries
As early as 1949, Lewis et al. [37] found that if the particle is settling under conditions where Stokes' law is valid, n has a value of about 4.65. According to [18, 20, 36] and others, the Richardson-Zaki index is bounded between the viscous (n = 4.8) and the inertial regime (n = 2.4). According to [38, 39] , the value of n lies between 2.4 and 4.6, or between 2.3 and 4.6, respectively, for a wide range of terminal Reynolds numbers.
Alternative index equations
A different empirical equation was proposed by Garside & AlDibouni [34] . Rowe [35] gave a convenient empirical equation to estimate the Richardson-Zaki index covering the whole Reynolds range: n L and n T are the asymptotic values of n at low and high values of Re t , respectively, while the position and rate of increase of n in the intermediate region are determined by the coefficients α and β. According to Khan & Richardson, Eq. (7) given by Rowe is an empirical expression which satisfactorily represents the experimental data for n when the effect of the vessel walls is negligible.
Eq. (7) cannot be applied for a given liquid-solid system without prior knowledge of Re t . Therefore, Khan & Richardson [31] proposed the same form of equation while using the Archimedes number (Eq. (4)) instead of the Reynolds terminal number, albeit with different values of the coefficients α and β.
The Richardson-Zaki model originally included wall effect corrections in Eq. (5). In some works, the wall effect corrections are ignored [5, 26, [40] [41] [42] . Siwiec [33] presented different values of the coefficients c 1 and c 2 for several types of grain materials.
Di Felice [43] and Khan & Richardson [31] presented an overview of existing empirical equations to calculate the Richardson-Zaki index. A collection of improved equations to calculate the index equation was given by Dharmarajah [15] and Akgiray & Soyer [10] . Extension and adjustments of the Richardson-Zaki equation to suspensions of multisided irregular particles were examined by Bargieł & Tory [44] , for small fines by Schiaffino & Kytömaa [45] , and the expansion behaviour within fixed packings by Glasserman et al. [46] . The relation between the Richardson-Zaki equation and the apparent drag force has been studied by Yang & Renken [47] , Valverde & Castellanos [48] and Di Felice [41] , and in addition new equations have been proposed for the intermediate regime. The latest proposal was made by Pal & Ghoshal [42] , albeit with a different approach, to predict the settling velocity of a sedimenting particle which is dispersed in a sediment-fluid mixture during a turbulent flow. Although theoretically the value of n is restricted between 2. 
b n b 4.8, high values are reported by Capes [49] , Chong et al. [50] and Johnson et al. [51] , often due to the irregularity of investigated grains. Based on experimental data, some works like [31] on the Richardson-Zaki index n show significant deviation. In other works [12] , particle size distributions [10, 33, 49] affect the linearity of the log v s versus log ε curves, where particularly at higher flow regimes this leads to deviations in n. Exclusively considering perfectly round monodispersed spheres will show no deviation in n. However, using natural grains, a certain degree of deviation will de facto be observed. By applying irregularly shaped particles, a shape factor [20] could be introduced as a correction for the particle diameter used in the Richardson-Zaki model. Shape factors are often applied in fixed bed processes. In fluidised processes, however, shape factors as a constant correction factor are less accurate due to the re-orientation of irregularly shaped particles that takes place at different porosities. Since the Richardson-Zaki model can solely be used for the fluidised state, pragmatic shape factors are therefore less useful. To be able to cope with irregularity accurately, the RichardsonZaki model must be extended thoroughly by introducing complex models, even if this might adversely affect the 'elegance' of the simple expression 1. We based our model on spheres, as is commonly done and reported in the literature. Including the irregularity of particles is recommended for future research; at this moment, our measurements lack a detailed quantification of these irregularities.
The Richardson-Zaki curve
The index n can be determined through the linear relationship between the logarithm of the superficial velocity and the logarithm of the porosity [20, 28] . When the plot of log v s versus log ε for concentrated suspensions is linearly extrapolated to log ε = 1, the intercept is equal to log v E , where according to Coulson & Richardson v E is the apparent free falling settling velocity of a particle in an unbounded solution which corresponds closely to the free falling or terminal settling velocity v t of a single particle. Here, wall effects 2 corrections are introduced. Chong et al. [50] found the term v E obtained by linearly extrapolating below ε = 0.9-1 on a log-log plot of v s versus ε to be measurably lower than the corresponding terminal settling velocity v t . Dharmarajah [15] stated that Richardson & Zaki failed to observe beyond a porosity of approximately ε = 0.9 where the log v s versus log ε plots deviate significantly from linearity. Dharmarajah [15] mentioned that the curvature is more pronounced with increasing particle Reynolds numbers and that the characteristics of a liquid fluidised system change drastically when the expanded bed porosity approaches unity. Gibilaro [18] reports that it has been widely verified that a plot of v s against ε on logarithmical co-ordinates approximates closely to a straight line of bed expansion, regardless of flow regime. However, small deviations from this behaviour have been reported for high void fractions ε N 0.95.
Di Felice [41] described two types of expansion characteristics in which the first region concerns lower porosities and in which a straight line with extrapolation to porosity equal to 1 is below the predicted value of the single particle terminal velocity. In the second region, the slope increases with increasing void fraction, approaching the correct value for v t . Later, Di Felice & Rotondi [52] reported that values of v E can also exceed the value of v t . Analysis of the data sets reported by Girimonte & Vivacqua [53] and Girimonte & Vivacqua [54] indicates that calculated values of v E are regularly smaller than experimental ones, with an average error of about 25% and a level of inaccuracy that increases as the size of the fluidised particles decreases. Their plotted experimental data clearly deviate increasingly at porosities higher than 0.8.
The intercept velocity or the extrapolated value of the fluid superficial velocity to ε = 1 agreed quite well with the mean terminal settling velocity of a cloud of particles experimentally determined by Đuriš et al. [55] . The experimental data reported by Đuriš et al. [12] at a higher velocity of approximately 10%, however, indicate a deviation of v E through linear extrapolation of v s and the terminal settling velocity resulting from the influence of the particle roughness on the behaviour of the bed in high porosity regions during the fluidisation of sand mixtures.
Richardson-Zaki on the basis of hydraulics
In [20, 29, 36 ] a more hydraulics-based approach can be found in which Eq. (1) is rearranged for an explicit equation for the index n at incipient conditions:
Under extreme conditions, in other words when the minimum fluidisation velocity as well as the terminal settling velocity are known, the index n could be determined. Using the particle Reynolds numbers for terminal settling (Eq. (3)) and the particle Reynolds numbers for minimum fluidisation (Eq. (12)), the index can be written as follows [18] :
With:
Where ϵ becomes ϵ mf and v s becomes v mf under minimum fluidisation state:
3. Richardson-Zaki models and theory related to the fluidised bed pellet-softening process
Richardson-Zaki water treatment constraints
In pellet-softening reactors, the calcium carbonate pellets range from 1 to 2 mm in size, while for the seeding materials particle size varies between 0.2 mm in case of garnet grains (Fig. 1A) and 0.5 mm when crushed calcite grains are used (Fig. 1C) . In full-scale reactors, the superficial velocity is controlled between 60 and 90-120 m/h. In Fig. 3 , the operational field is marked green in which the influence of particle size is plotted using the Richardson-Zaki equation. Fig. 4 shows the effect of the magnitude of n on porosity in relation to the superficial velocity for a given particle size. The terminal settling velocity increases when particles grow in size: this can be determined with the Richardson-Zaki equation with an assumed porosity ε → 1. In case the terminal settling velocity is known, the index n can be calculated for several models. For a given minimum fluidisation porosity, the subsequently estimated minimum fluidisation velocity leads to significant deviations.
Hydraulics-basedRichardson-Zaki index
In the literature [21, 56, 57] , several equations have been proposed for equations for n. These works, however, have not used the latest hydraulic models. To develop an accurate Richardson-Zaki index expression, Eq. (9) is used as a starting point. Besides the minimum fluidisation porosity ε mf , also the terminal settling velocity and the minimum fluidisation velocity are required.
In the literature [58] [59] [60] [61] [62] [63] , a comprehensive collection of widely used models is available to estimate the drag and terminal settling velocity of particles. A well-know and accepted model is the Brown-Lawler [64] Eq. (13) which is an improved model of the well-known equation proposed by Schiller & Naumann [65] . This is discussed in Kramer et al. [63] .
Since terminal settling velocity is an important variable in the Richardson-Zaki Eq. (1), the effect of particle properties may considerably affect the numerical outcome of the index n and the estimated minimum fluidisation velocity.
The Richardson-Zaki model does not provide any information about the porosity at minimum fluidisation. This is also the case for hydraulics-based models such as Kozeny, Carman and Ergun. Nevertheless, using the steady state force balance for suspensions at incipient fluidisation state, makes it possible to introduce the porosity at minimum fluidisation.
A frequently used equation to calculate the pressure drop of a fluid flowing through a packed bed of solids for laminar flow is the Kozeny equation [66] :
The corresponding Kozeny friction factor C D states:
where Re ε is defined in Eq. (11). Carman [67] as well as [68, 69] proposed an extension, 3 resulting in a second term for the transitional flow regime and valid for a higher particle Reynolds number (Eq. (11)). [70] is frequently used to calculate the friction factor C D according to Eq. (17):
Accordingly, the Richardson-Zaki index n can be determined by combining the rearranged Eq. (9) with the Carman-Kozeny Equation (16) and the Brown-Lawler Equation (13) . For both equations, numerical solver methods are required to solve the porosity for applied boundary conditions: (Re t b 200,000) and (Re ε b 600). Today, using this model should not present any obstacles. This model is abbreviated to RZ-hydr1 (CK + BL).
Simplified analytical expressions
Although numerical solvers can be used for the porosity, it is desirable to have available analytical expressions that do not need an iterative numerical approach. Accordingly, several analytic models are given. It is possible to derive an explicit model using an simplified drag equation based on Lewis et al. [71] , Clark [72] and Kunii & Levenspiel [73] :
A more general form [21] of Eq. (18) is:
in which the Lewis coefficients are α = 10 and β = −0.5. For other frequently used equations, e.g. Oka & Anthony [21] , the coefficients are α = 18.5 and β = −0.6. The value β = −0.5 results in a linear relationship between drag and the terminal settling velocity [74] , which confirms that calcite pellets are in the middle of the transitional flow regime. Eq. (20) is bounded between thresholds for the particle Reynolds numbers (Eq. (12)) at minimum fluidisation conditions and for the terminal Reynolds number at intermediate range.
In the literature, expressions are also given for the Archimedes number (Eq. (4)
This model is abbreviated to: RZ-hydr2 (KZ + LW).
Kozeny-Lewis hydraulic extended analytic model
Gibilaro [18] presented the Kozeny Eq. (14) Combine the sentences with: n ¼ log Ar
Eq. (20) is retrieved for the Kozeny coefficients κ = 180 and λ = −1.
Ergun-Lewis hydraulic analytic model
The next model is abbreviated to RZ-hydr3 (EG + LW) and is based on the Ergun-Archimedes Eq. The following analytic Richardson-Zaki index equation can be derived:
When the second term of Eqs. (17) or (26) is ignored, Eq. (20) is retrieved; however, this is done with the Ergun coefficient 150 instead of the Kozeny value 180.
Floating parameters
It is also possible to find an implicit analytical solution for Eq. (20) with the same numerical output of the Brown-Lawler and CarmanKozeny models. This can be achieved by using the principle of simple drag Eqs. (19) and (23) with so-called floating coefficients α, β as a function of the particle Reynold terminal number and κ, λ as a function of the particle Reynolds minimal fluidisation number. The result is as follows:
Finally, the coefficients in Eqs. (7) and (8) can be numerically fitted with the Brown-Lawler + Carman-Kozeny index functions (Eqs. (13) and (16)). These models are abbreviated to RZ-hydr-Ret and RZ-hydr-Ar.
Materials and methods
Experimental setup
Expansion experiments for several materials were carried out in Waternet's Weesperkarspel drinking water pilot plant located in Amsterdam, the Netherlands. In the experiments, the produced drinking water was used. The setup (Fig. 5) consisted of a 4-meter transparent PVC pipe with an inner diameter of 57 mm. Water temperature was regulated with a boiler, a cooler and a thermostat by recirculating water through a buffer vessel connected to a water reservoir. An overflow at the top of the reactor returned water to the buffer vessel. From the buffer vessel, water was pumped through the reservoir connected to the thermostat which was set to a programmed water temperature. During the terminal settling experiments, the water pump was turned off.
Particle selection
In this study, we examined predominantly natural particles which are frequently applied in drinking water treatment processes, in particular in the softening process. Investigations started with garnet grains, the most frequently utilised seeding material in the Netherlands, calcite pellets, which is seeding material with a substantial layer of crystallised CaCO 3 coming from the softening process and also re-used crushed calcite, processed in the Netherlands. Garnet grains and calcite pellets were dried at room temperature; crushed calcite grains were dried in an oven at 150-200°C for hygiene purposes.
In this research, we selected garnet grains as well as calcite pellets in which the core consists of pure calcite as well as crushed calcite grains given in Table 2 .
Particles were initially sieved and separated in order to acquire more uniformly dispersed samples with a defined sieve diameter in which the hydraulic equivalent particle diameter could be calculated using Eq. (32) . Available sieve sizes are usually regulated by standards such as ISO 3310-1 (NEN-norm [75] ) and ASTM E11:01 (US). The distance between succeeding sieve openings varies between 2, √2 and 1.20 and 1.12. In this research, the ratios between two succeeding sieve openings were 1.12 and 1.20.
Particle and fluid characterisation 4.3.1. Average particle diameter
The effective or average hydraulic equivalent particle diameter d p was based on the applied sieve method in which particles were divided over the slides of sieves and calculated according to the appropriate geometric mean for two sieves:
Particle density
The density of the grain material was measured with a 50 mL pycnometer [76] . In advance, particle density was validated using the experimental setup where the pressure drop in a homogenous fluidisation state is independent of the prevalent superficial fluid velocity. The particle density can be determined accurately using Eq.
.
Due to crystallisation of CaCO 3 at the particle surface, particle size increases. Since the density of the seeding material, for instance garnet grains, is different from the density of calcium carbonate, the average density changes during the softening process. Eq. (34) was used to estimate average particle density for garnet pellets based on the assumption that round particles contain an equally distributed layer of pure chalk with a density of 2711 kg/m 3 , as postulated by Anthony [77] .
Physical properties of water
The density of ordinary water as a function of temperature was retrieved from Haynes [78] , Perry [79] and Albright [80] . The dynamic viscosity is given by the Vogel-Fulcher-Tammann equations [81, 82] . In these equations, the influence of the combined content of all inorganic and organic substances (Total Dissolved Solids, TDS = 400 mg/L) is small, (0.03% for the density and 0.07% for the dynamics viscosity [83] ), and has not been taken into account as appropriate for applied drinking water.
Terminal settling velocity experiments
In the current study, the settling behaviour of single particles was determined through adjusting the water temperature for various materials and for different grain sizes. The temperature was carefully controlled by flowing water through the column of the exact temperature before each experiment and by regularly repeating this process throughout the experiment. Individual particles were dropped at the top of the column. After steady state velocity had been reached, the required time to elapse a defined distance (L = 2 m) was measured visually. All fractions in Table 2 were tested for temperatures between 3 and 36°C. A powerful flashlight at the top of the column supported the visual determination [63] of the free falling particles.
Fluidisation expansion experiments 4.5.1. Standard operating procedure
Fluidisation behaviour was examined for a set of different grains varying in size, shape and composition. The test column was filled with approximately 0.3-3.0 kg of uniform particles. To prepare the experiments, the particles were initially gently fluidised until the suspension was stratified on size, shape and particle density. The flow was stopped, and after the particle bed had settled into a fixed state, the fixed bed height was measured. Then, the flow velocity was slowly increased. For each flow velocity, bed height and pressure difference were recorded individually. The pressure difference was measured with a device as well as hydrostatically. The pressure difference was corrected for both the hydrodynamic influence ½ρv 2 , which had a minor effect, and for missing mass (L/(L-0.03), since the lowest pressure sensor was assembled at 3 cm above the bottom of the column. The water flow was gradually increased until the particles were in an incipient state and started to fluidise. The minimum fluidisation bed height was not only measured visually but also determined based on the intersection of linearly increasing pressure difference in the fixed bed state and the maximum pressure difference in the homogeneous fluidisation condition. The water temperature was kept constant during the experiments and was measured at the overflow of the column and directly in the column. Expansion experiments were conducted for garnet grains and calcite pellets for at least four different water temperatures between 3 and 36°C. For each individual experiment, the temperature was recorded at least four times. For crushed calcite, the temperature was recorded for every single measurement. Since the experimental setup had been improved technically, pressure differences were absent in some of the experiments.
In total, 76 fluidisation expansion experiments were carried out. Regarding calcite pellets and garnet grains, the superficial velocity was in- The data derived from the expansion experiments were used to calculate pressure difference, bed porosity and average particle size. The calculated pressure difference was compared with the measured sensor and hydrostatic values. The calculated porosity was compared with the porosity derived directly from the experimental data. The average particle diameter was derived from the applied sieve fractions.
For every experiment, an expansion curve was plotted with bed porosity, pressure difference and transitions from fixed to fluidised state.
Bed porosity and expansion
Because the initial amount of grains is known, the fixed and fluid bed porosity and expansion can be calculated using Eqs. (35) and (36):
Pressure difference
In the steady state of homogeneous fluidisation of particulate solids, the pressure drop equals the weight of the bed material, reduced by the buoyancy forces, per unit of bed surface. The experimental data was validated using Eq. (37): 
Statistical methods
To compare the experimental data with the prediction models, the average relative error [64, 84] is determined as:
In Section 5, we will compare the various equations presented in Section 3 with data obtained from our experimental setup in Section 4. We will evaluate the performance and accuracy of the various equations, and we will formulate our advice on the best approach for practical applications.
Results and discussion
Obtained particle properties
The experimentally measured particle density of examined grains is given in Table 3 . An average relative error of 2% was found in the particle density, caused by both the laboratory experiments and natural variations of the particle properties. The average particle density was derived (Eq. (33)) from the fluidised bed setup based on the pressure drop measurement. The average relative error here was 3%. The measured fixed bed porosity for calcite pellets (Table 3) agrees with an expected value of 0.4 for round spheres. Garnet grains, which were mined and had a more irregular shape, show a higher fixed bed porosity. The fixed bed porosity of crushed calcite seeding material, with a much more irregular shape due to crushing, is significantly higher, which also agrees with findings reported by Wen & Yu [85] , Yang [20] and Đuriš [12] .
Expansion experiments
The acquired experimental data set consisted of a matrix with varied temperature, grain size and flow, as was required for a comparison of the theoretical fluidisation models.
In total, 76 fluidisation experiments 5 were carried out for calcite pellets, garnet and crushed calcite grains. Fig. 6 shows, as an example, a typical expansion curve in which the porosity and pressure difference was measured for increasing superficial velocity. In their original article, Richardson & Zaki plotted superficial velocity in the opposite way on logarithmic scales. Both in Fig. 6 and Fig. 7 , the incipient fluidisation points are clearly visible. The Richardson-Zaki line intercepts at ε = 1 the apparent free-falling settling velocity v E of a particle at infinite dilution. Note that in this example, v E is 4% lower than the estimated terminal settling velocity calculated with Eq. (13) .
For the 76 fluidisation experiments, the extrapolated fluid velocity v E was determined: this is displayed in Fig. 8 , showing that in particular for higher velocities, the deviations increase. For the calcite pellets, the deviations may be caused by inaccurate extrapolation to ε → 1 since the maximum obtained porosity was 0.6 for large pellets (d z N 1.4 mm) during the expansion experiments. The value of v E for crushed calcite is lower than v t , which is due to the highly irregularly shaped particlessomething that becomes more apparent for higher fluid velocities, which in turn leads to more unsteady drag behaviour.
Minimum fluidisation velocity prediction
The porosity at minimum fluidisation is a crucial parameter and in fact more important than the terminal settling point, since the process state in pellet-softening reactors and apparent porosity are closer to the state of minimum fluidisation. With Eqs. (35) and (36), both the fixed and incipient bed porosity were calculated for 76 experiments.
Three groups of models were compared with respect to their ability to predict the minimum fluidisation velocity accurately. Table 4 shows the results for Richardson-Zaki-based models, followed by frequently used hydraulic models as reported in the literature and thirdly by Richardson-Zaki hydraulics-based models. The prediction accuracy of the first group is generally low, compared to the second group. This result can also be observed in Fig. 9 . A global explanation is that RichardsonZaki starts with the terminal settling point and has to predict v mf using a slope n over a large porosity 'distance' (Δε ≈ 0.6) with the possibility of overestimation. Because the models of the second groups are based on the principle of fixed state, it seems evident that their prediction is much more accurate. Based on the experiments, the Carman-Kozeny model was found to have the lowest error: it can therefore be considered the best model to predict the minimum fluidisation point. The models in the third group are based on both Richardson-Zaki and the classical hydraulic models and provide a lower error compared the first group. The hydraulics-based Richardson-Zaki numerical model RZ-hydr1 (BL + CK) is slightly less accurate than the Carman-Kozeny model.
Porosity prediction
Porosity prediction accuracy was determined for three different ranges. This was first done for a wide operation range regarding pellet-softening: 60-90 m/h, for superficial velocities up to 180 m/h and for a wide examined fluid flow range applied in the expansion experiments. The average relative errors (Eq. (38)) were calculated for 76 experiments: these are listed in Fig. 10 . The original Richardson-Zaki model has an error of 8% for a wide range of fluid velocity. This error increases to 17% for grains applied in the drinking water pellet-softening process. The Richardson-Zaki model built on a hydraulic basis, as derived in this work, provides much lower errors of approximately 3%. A particular point of interest concerns taking into account the validity of the working area.
Richardson-Zaki index
The models proposed by Richardson-Zaki, Rowe, Wallis, Garside-Al Dibouni and Khan-Richardson use the index n to predict porosity (Eq.
(1)). In Fig. 11 , the determined indices n for 76 experiments are plotted (dots) as well as the curves for given models. All examined grains applied in the softening process have a higher value compared to the expected Richardson-Zaki values (red curve) and coincide quite well with the Richardson-Zaki hydraulics-based models. This has been confirmed and reported in earlier publications by Siwiec [33] and is due to the irregularity of the grains which will re-orientate during fluidisation, causing the exerting drag to increase and behave like virtually smaller grains with a corresponding higher n value. Fig. 12 shows the influence on n of having different particles with different hydraulic physical properties, such as incipient porosity ε mf and particle density ρ p . Despite the fact that at Reynolds terminal (Re t ≈ 100) all three curves coincide, the index value increases up to 2% for garnet grains and 7% for calcite grain, both at lower and higher Reynolds terminal values.
In summary, we find that the hydraulics-based Richardson-Zaki model RZ-hydr1 (BL + CK) enables us to predict the porosity with a low error, but unfortunately numerical iteration remains necessary. From a pragmatic point of view, it is desirable to be able to predict the porosity with an explicit analytical equation such as the Eqs. 7 and 8. Furthermore, the elegance of Richardson-Zaki is the simplicity of the particular model itself. To allow for fast evaluations, we have numerically fitted the coefficients, based on Brown-Lawler + Carman-Kozeny (Eqs. (13) and (16)): they are presented in Table 5 . 
Reynolds terminal [-]
Calicte pellets Garnet sand Crushed calcite n=2.4 (inerƟal regime) n=4.8 (viscous regime) Fig. 12 . The influence of specific density and porosity at minimum fluidisation of garnet grains, crushed calcite grains and calcite pellets. See Table 3 for physical properties of particles.
suspension relative to a fixed horizontal plane that equals the upward velocity of the liquid, based on the empty tube, required to maintain a suspension at the same concentration. Thanks to this simple method, the expansion of a liquid-solid fluidised bed can be predicted. However, the prediction of porosity in drinking water treatment processes in the proximity of minimum fluidisation on the basis of the traditional index equations overestimates the measured values of minimum fluidisation. Using an extra hydraulic point with an actual physical meaning makes the porosity prediction a much more accurate one.
Based on the Brown-Lawler equation combined with the CarmanKozeny equation, porosity can be predicted with an error of approximately 3% for particles applied in pellet-softening processes for drinking water production purposes. When the index n is used to estimate porosity, the influence of n for lower superficial velocities is much higher compared to conditions in the proximity of terminal settling conditions or higher porosities.
The determined index n values in this research show a higher value compared to those expected on the basis of the classic Richardson-Zaki model, something which is due to the irregularity of the considered drinking water grains. The Richardson-Zaki model that is constructed on a hydraulic basis is an improvement on the classical RichardsonZaki model: the average relative error for porosity decreases from 15% to 3% in the operational working area of liquid-solid pellet-softening within a porosity range of 0.5 b ε b 0.8. With respect to minimum fluidisation velocity, the average relative error decreases from 100% to 12%.
Finally, with simplified analytical equations it is possible to make a straightforward estimation of the index n. 
